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============

Magnetic materials have a wide range of industrial applications such as in Nd--Fe--B-type permanent magnets used for motors in hybrid cars^[@CR1],[@CR2]^, magnetoresistive random access memory (MRAM) based on the storage of data in stable magnetic states^[@CR3]^, ultrafast spins dynamics in magnetic nanostructures^[@CR4],[@CR5]^, heat assisted magnetic recording and ferromagnetic resonance methods for increasing the storage density of hard disk drives^[@CR6],[@CR7]^, exchange bias related to magnetic recording^[@CR8]^, and magnetocaloric materials for refrigeration technologies^[@CR1]^. Understanding the underlying physics of magnetic material enables us to develop much better applications. In particular, the study of the properties of these magnetic materials is performed experimentally by using neutron scattering^[@CR9]^. Magnetic properties of materials are also studied theoretically using computational methods. Spin dynamics simulations^[@CR10]^ are powerful tools for understanding fundamental properties of magnetic materials that can be verified by experimental methods. In spin dynamics simulations, classical equations of motion of spin systems are solved numerically using well known integrators such as leapfrog, Verlet, predictor-corrector, and Runge-Kutta methods^[@CR11]--[@CR13]^. The accuracy of these simulations depends on a time integration step size. If a large time step is used, the accumulated truncation error becomes larger. Conversely, using a short time step is very computationally demanding. So, it is important to find a trade off between speed and accuracy.

Symplectic methods^[@CR14],[@CR15]^ are among the most useful time integrators for spin dynamics simulations. The numerical solutions of symplectic methods have properties of the time reversibility and the energy conservation. For example, high order Suzuki--Trotter decomposition method, one of the symplectic methods, allows for larger time step with limited error in its computation. In this paper, we seek to enhance the time integration step of Suzuki--Trotter decomposition method further using Deep Learning techniques. For second-order Suzuki--Trotter decomposition method, the integration time step is limited up to $\documentclass[12pt]{minimal}
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                \begin{document}$$~\uptau \sim 0.2/J$$\end{document}$^[@CR16]^.

Recently, Machine Learning techniques are used to enhance simulation efficiencies in the condensed matter physics. Its applications include addressing difficulties of phase transition^[@CR17]--[@CR22]^ and accelerating the Monte-Carlo simulations^[@CR23]^. A crucial issue in molecular dynamics simulations^[@CR24]^ is that generating samples from the equilibrium distributions is time consuming. Boltzmann generators machine^[@CR25]^ addresses the long-standing rare-event (e.g. transition) sampling problem.  In addition, study of quantum many body systems using Machine Learning is applied to simulation of the quantum spin dynamics^[@CR26],[@CR27]^, identifying phase transitions^[@CR28]^, and solves the exponential complexity of the many body problem in quantum systems^[@CR29]^.

In this paper, we show that speed up is achieved if we combine spin dynamics simulation and Deep Learning to learn the error corrections. The first condition for speed up is enough capacity of Deep Learning to learn the associations between spin configuration generated by large time steps and spin configuration generated by accurate short time steps. The second condition is enough training data for learning and show the Deep Learning enough pairs of patterns between spin configuration for large and short time steps. We propose to use Deep Learning to estimate the error correction terms of Suzuki--Trotter decomposition method, and then add the correction terms back to spin dynamics results, making them more accurate. As a result of this correction, larger time step can be used for Suzuki--Trotter decomposition method, and corrections can be made for each time step. To evaluate our Deep Learning method, we analyze spin-spin correlation as a more stringent measure. We also use thermal averages to benchmark the performance of our method. We compare the Deep Learning results with those from spin dynamics simulation without Deep Learning for short time steps.
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Figure 1Deep learning for Heisenberg model. **a** Spin configurations for training data preparation. $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{i}^{(10^{-1})}$$\end{document}$ is spin configuration after one time step of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{i}^{(10^{-3})}$$\end{document}$ is spin configuration after 100 time steps of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{i}^{(10^{-1})}$$\end{document}$. **b** Illustration of the U-Net architecture. Each vertical black line represents a multi-channel feature map. The number of channels is denoted on the top of the straight vertical black line and each map's dimension is indicated on the left edge. Vertical dashed black lines correspond on the copied feature maps from each encoder layer. **c**, A sequence of spin dynamics for testing the trained U-Net model: (a) conduct one time step $\documentclass[12pt]{minimal}
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The ferromagnetic Heisenberg model on a cubic lattice is used to demonstrate the efficiency of our method. The Hamiltonian for this model is given as $\documentclass[12pt]{minimal}
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Deep Learning approach {#Sec4}
----------------------

A fully supervised Deep Learning method is developed to perform the spin dynamics by using the second order Suzuki--Trotter decomposition method to reduce simulation errors. In order to produce training data for our supervised Deep Learning, initial spin configurations are considered at ordered, near-critical, and disordered states in the temperature range $\documentclass[12pt]{minimal}
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Deployment of our U-Net for spin dynamics {#Sec5}
-----------------------------------------

To deploy the trained U-Net for spin dynamics, spin dynamics simulation is carried out with one large time step $\documentclass[12pt]{minimal}
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Normalization of residue {#Sec6}
------------------------

The difference between spin configuration generated with $\documentclass[12pt]{minimal}
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Loss function and training {#Sec7}
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For our Deep Learning, inputs into U-Net are obtained initial spin configurations $\documentclass[12pt]{minimal}
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Results {#Sec9}
=======

The effectiveness of our proposed Deep Learning method is evaluated at $\documentclass[12pt]{minimal}
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Suzuki--Trotter decomposition method provides important properties such as conservation of energy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\varvec{e}}}=-{L^{-3}}\sum _{<i,j>}^{L^3}\mathcal {{\varvec{S}}}^i \cdot \mathcal {{\varvec{S}}}^j$$\end{document}$ and magnetization $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\varvec{m}}} = {L^{-3}}{ \sqrt{\left( \sum _i S^{i}_x\right) ^{2}+\left( \sum _i S^{i}_y\right) ^{2}+\left( \sum _i S^{i}_z\right) ^{2}}}$$\end{document}$ , and time reversibility. We wish to compare the conservation of energy and magnetization across one hundred samples, but their starting spin configurations are different. In order to take statistics across the samples, we shift the energy and magnetization of the initial spin configurations to zero. Eq. ([11](#Equ11){ref-type=""}) and Eq. ([12](#Equ12){ref-type=""}) show how we shift the energy per site *e*(*t*) and magnetization per site *m*(*t*) at each time step *t*. Here, Q represents the number of samples at each temperature. We use Q as one hundred.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\tilde{e}}_i}(t)&= {} e_{i}(t)- e_{i}(0) \quad i=1, \dots ,Q \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\tilde{m}}_i}(t)&= {} m_{i}(t)- m_{i}(0) \quad \ i=1, \dots ,Q \end{aligned}$$\end{document}$$With the shifting of energy and magnetization, we can compute the mean of absolute energy per site $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{|{\tilde{e}}(t)|}$$\end{document}$, the mean of absolute magnetization per site $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{|{\tilde{m}}(t)|}$$\end{document}$, standard deviation of energy per site std$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\tilde{e}}(t))$$\end{document}$, and standard deviation of magnetization per site std$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\tilde{m}}(t))$$\end{document}$ over independent samples.

In Fig. [2](#Fig2){ref-type="fig"}, the spin-spin correlation plots are shown as using reference trajectory generated at the reference time step $\documentclass[12pt]{minimal}
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We define threshold time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{thres}$$\end{document}$ as the average time required for spin-spin correlation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{\xi (t)}$$\end{document}$ to drop from 1 to 0.99. In Fig. [2](#Fig2){ref-type="fig"}g, the plot of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{thres}$$\end{document}$ as a function of temperature $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k_B}T/J$$\end{document}$ has the logarithmic scale on the *y*-axis, and simulations for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\uptau =10^{-3}$$\end{document}$ have higher threshold time (red squares) at each temperature than for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\uptau =10^{-1}$$\end{document}$ without Deep Learning corrections. Threshold time (filled blue diamonds) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\uptau =10^{-1}$$\end{document}$ with Deep Learning corrections approaches to almost the same threshold time (yellow circles) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\uptau =10^{-2}$$\end{document}$ without Deep Learning corrections at each temperature.

Figure [3](#Fig3){ref-type="fig"} ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L=4$$\end{document}$) and Fig. [4](#Fig4){ref-type="fig"} ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L=8$$\end{document}$) show $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{|{\tilde{e}}(t)|}$$\end{document}$, std$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\tilde{e}}(t))$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{|{\tilde{m}}(t)|}$$\end{document}$, and std$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\tilde{m}}(t))$$\end{document}$ as a function of time at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k_B}T/J=0.4$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({k_B}T/J<{k_B}T_{c}/J)$$\end{document}$ \[Figs. [3](#Fig3){ref-type="fig"}a and [4](#Fig4){ref-type="fig"}a\], $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k_B}T/J=1.44$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({k_B}T/J \approx {k_B}T_{c}/J)$$\end{document}$ \[Figs. [3](#Fig3){ref-type="fig"}b and [4](#Fig4){ref-type="fig"}b\], and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k_B}T/J=2.4$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({k_B}T/J > {k_B}T_{c}/J)$$\end{document}$ \[Figs. [3](#Fig3){ref-type="fig"}c and [4](#Fig4){ref-type="fig"}c\]. For time steps $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\uptau =10^{-2}$$\end{document}$ (yellow line) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\uptau =10^{-3}$$\end{document}$ (red line), conservation of both energy and magnetization is good, as shown by the relatively constant mean plots ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{|{\tilde{e}}(t)|}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{|{\tilde{m}}(t)|}$$\end{document}$) and small standard deviations (std$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\tilde{e}}(t))$$\end{document}$ and std$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\tilde{m}}(t))$$\end{document}$) across independent simulations. At $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k_B}T/J < {k_B}T_{c}/J$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k_B}T/J \approx {k_B}T_{c}/J$$\end{document}$, both energy and magnetization are not conserved in simulations without Deep Learning corrections for time step $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\uptau =10^{-1}$$\end{document}$ (black line). On the other hand, conservation is recovered using Deep Learning corrections (blue line). In Fig. [3](#Fig3){ref-type="fig"}c, at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k_B}T/J > {k_B}T_{c}/J$$\end{document}$, the system is disordered and the mean of absolute energy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{|{\tilde{e}}(t)|}$$\end{document}$ and the mean of absolute magnetization $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{|{\tilde{m}}(t)|}$$\end{document}$ become more constant, simply due to averaging of disordered spins. Especially, Fig. [4](#Fig4){ref-type="fig"}c shows that at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k_B}T/J > {k_B}T_{c}/J$$\end{document}$, the effect of averaging over disordered spins for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L=8$$\end{document}$ is stronger than for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L=4$$\end{document}$. At high temperature, the number of possible states increase exponentially and hence fitting by Deep Learning corrections is more difficult.

Discussion {#Sec10}
==========

Our results have demonstrated that the Deep Learning corrections enhance the time integration step of the original Suzuki--Trotter method and have achieved $\documentclass[12pt]{minimal}
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                \begin{document}$$\uptau =10^{-3}$$\end{document}$ and that even if U-Net is able to fit the data it has through training, it may not predict perfectly on the data it has never seen in training. For future work, we will explore the effects of Deep Learning corrections on higher order Suzuki--Trotter decomposition. We will also apply Deep Learning corrections such as off lattice systems and integrators such as velocity-verlet.
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